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a b s t r a c t
The reciprocal complementary Wiener (RCW) number of a connected graph G is defined
in mathematical chemistry as the sum of the weights 1d+1−dG(u,v) of all unordered pairs of
distinct vertices,where d is the diameter and dG(u, v) is the distance between verticesu and
v in G. Among others, we characterize the trees of fixed number of vertices and matching
number with the smallest RCW number, and the trees that are not caterpillars on n ≥ 7
vertices with the smallest, the second-smallest and the third-smallest RCW numbers.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
A numerical graph invariant (i.e., a single number) that characterizes themolecular structure is called a topological index
in chemical literature. The Wiener number (often also called the Wiener index) is one of the oldest and most thoroughly
studied topological indices, see, e.g., [1–8]. It was also independently studied because of its relevance for social science,
architecture, and graph theory [9]. Mathematical properties of the Wiener number for trees were summarized in [10].
Since the Wiener number was formalized via the distance matrix [11], various Wiener-like molecular descriptors have
been proposed, see, e.g., [12]. For recent reviews ofmatrices and topological indices related to theWiener index, see [13–15].
For a recent review on graph distance indices, see [16]. The reciprocal complementary Wiener (RCW) number is one of the
newest Wiener-like descriptors. It was put forward by Ivanciuc et al. [17], and its applications were discussed in [17–20].
Let G be a simple connected graph with vertex set V (G). For vertices u, v ∈ V (G), dG(u, v) denotes the distance between
u and v in G. The RCW number of G is defined as [17,18]
RCW(G) =
−
{u,v}⊆V (G)
1
d+ 1− dG(u, v) ,
where d is the diameter, and the summation goes over all unordered pairs of distinct vertices of G. In [21], some properties,
especially, various upper and lower bounds for the RCWnumber and Nordhaus–Gaddum-type result [22], were established.
In [23], the trees with the smallest, the second-smallest and the third-smallest RCW numbers, the unicyclic and bicyclic
graphs with the smallest and the second-smallest RCW numbers were determined. Recall that the trees with the smallest,
the second-smallest and the third-smallest RCWnumbers are all caterpillars (trees inwhich the removal of pendant vertices
leaves a path), see [23]. Thus it is of interest to study the RCW numbers of non-caterpillars (trees that are not caterpillars).
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Fig. 1. The tree Pn,d,i .
In continuation of the study on the RCW number, we study the RCW numbers of trees in more details. Among others, we
characterize the trees of fixed number of vertices and matching number with the smallest RCW number, and the non-
caterpillars on n ≥ 7 vertices with the smallest, the second-smallest and the third-smallest RCW numbers.
2. RCW number and some other invariants of trees
Let Pn and Sn be respectively the n-vertex path and n-vertex star. For integers n, d and i with 3 ≤ d ≤ n − 2 and
1 ≤ i ≤ ⌊ d2⌋, let Pn,d,i be the caterpillar obtained from the path Pd+1 labeled as v0, v1, . . . , vd by attaching n−d−1 pendant
vertices to the vertex vi, see Fig. 1. Note that RCW(Pn) = n − 1 and that by considering the contributions of the path Pd+1,
vertex pairs outside the path Pd+1, one vertex outside the path Pd+1 and the other vertex in the path, we have
RCW(Pn,d,i) = d+ (n− d− 1)

n− d− 2
2(d− 1) +
i+1−
j=1
1
d+ 1− j +
d−i+1
j=2
1
d+ 1− j

for 1 ≤ i ≤ ⌊ d2⌋.
Lemma 2.1 ([23]).
(i) Let T be a tree with n vertices and diameter d, where 3 ≤ d ≤ n− 2. If T ≠ Pn,d,⌊ d2 ⌋, then RCW(T ) > RCW(Pn,d,⌊ d2 ⌋).
(ii) For 3 ≤ d ≤ n− 3, RCW(Pn,d,⌊ d2 ⌋) > RCW(Pn,d+1,⌊ d+12 ⌋).
(iii) Let T be a tree with n vertices. If T ≠ Pn, then RCW(T ) > RCW(Pn) = n− 1.
Theorem 2.1. Let T be a tree with n vertices and p be the maximum degree or the number of pendant vertices, where 3 ≤ p ≤
n− 2. Then RCW(T ) ≥ RCW(Pn,n−p+1,⌊ n−p+12 ⌋) with equality if and only if T = Pn,n−p+1,⌊ n−p+12 ⌋.
Proof. Let d be the diameter of T . It is easily seen that 3 ≤ d ≤ n − p + 1. If d ≤ n − p, then by Lemma 2.1(i) and (ii), we
have RCW(T ) ≥ RCW(Pn,d,⌊ d2 ⌋) ≥ RCW(Pn,n−p,⌊ n−p2 ⌋) > RCW(Pn,n−p+1,⌊ n−p+12 ⌋). If d = n − p + 1 and T ≠ Pn,n−p+1,⌊ n−p+12 ⌋,
then by Lemma 2.1(i), we have RCW(T ) > RCW(Pn,n−p+1,⌊ n−p+12 ⌋). 
Amatching is a set of pairwise non-adjacent edges. Amaximummatching is amatching that contains the largest possible
number of edges. The matching number of a graph G is the size of a maximummatching, denoted by β(G).
The following lemma is easily checked.
Lemma 2.2. For 2 ≤ k ≤ ⌊ n2⌋ − 1, β(Pn,2k,k) = k if k is odd, and β(Pn,2k,k−1) = k if k is even.
Lemma 2.3. For even k with 2 ≤ k ≤ ⌊ n2⌋ − 1, we have
RCW(Pn,2k,k−1) < RCW(Pn,2k−1,k−1).
Proof. Note that n ≥ 2(k+ 1). It is easily seen that
RCW(Pn,2k,k−1)− RCW(Pn,2k−1,k−1) = 1+ 12k− 1 −
2
k
− 1
k− 1 −
k−1
i=1
2
2k− i
+ (n− 2k− 1)

n− 2k
2(2k− 1) −
n− 2k
4(k− 1) −
1
2k

≤ 1+ 1
2k− 1 −
2
k
− 1
k− 1 −
2(k− 1)
2k− 1
− (n− 2k− 1)[k(n− 2k)+ 2(k− 1)(2k− 1)]
4k(k− 1)(2k− 1)
< 1+ 1
2k− 1 −
2
k
− 1
k− 1 −
2(k− 1)
2k− 1
= −4k
2 + 5k− 2
k(k− 1)(2k− 1) < 0.
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The result follows. 
For a tree T with u ∈ V (T ), let dT (u) be the degree of u in T , and let RCWT (u) =∑v∈V (T )\{u} 1d+1−dT (u,v) .
Lemma 2.4. Let T be a tree with n vertices and matching number k, where k is even, 2 ≤ k ≤ ⌊ n2⌋ − 1 and T ≠ Pn,2k,k−1. If the
diameter of T is 2k, then RCW(T ) > RCW(Pn,2k,k−1).
Proof. Let P(T ) = v0v1 . . . v2k be a diameter-achieving path of T . Since there is amatching of size k in P(T ), T is a caterpillar.
If there exists an even s, 2 ≤ s ≤ k, such that vs has a pendant neighbor, say w, then there is a matching of T containing
the edge vsw of size 1+ s2 + 2k−s2 = k+ 1, a contradiction. Hence dT (vi) = 2 for even iwith 2 ≤ i ≤ k.
Suppose that there are odd i and j with 1 ≤ i < j ≤ k − 1 such that vi has a pendant neighbor x and vj has a pendant
neighbor y outside P(T ). Suppose without loss of generality that RCWT (x) ≤ RCWT (y). Then for T ′ = T − vjy+ viy, we have
RCW(T )− RCW(T ′) = RCWT (y)− RCWT ′(y) = RCWT (y)− RCWT ′(x)
= RCWT (y)−

RCWT (x)− 12k+ 1− dT (x, y) +
1
2k+ 1− dT ′(x, y)

= RCWT (y)− RCWT (x)+ 12k− 1− dT (vi, vj) −
1
2k− 1
> RCWT (y)− RCWT (x) ≥ 0,
and then RCW(T ) > RCW(T ′). By iterating the transformation from T to T ′, we may finally have RCW(T ) > RCW(Pn,d,s) for
some odd swith 1 ≤ s ≤ k− 1.
Now suppose that T = Pn,d,s for some odd swith 1 ≤ s ≤ k− 1. Since T ≠ Pn,2k,k−1, we may assume that 1 ≤ s ≤ k− 3.
Then 2k− s− 2 ≥ k+ 1 > k− 3 ≥ s, 2k− s− 1 > s+ 1, and thus
RCW(Pn,2k,s)− RCW(Pn,2k,s+2) = (n− 2k− 1)

s+1−
i=1
1
2k+ 1− i +
2k−s+1
i=2
1
2k+ 1− i

− (n− 2k− 1)

s+3−
i=1
1
2k+ 1− i +
2k−(s+2)+1−
i=2
1
2k+ 1− i

= (n− 2k− 1)

1
s+ 1 −
1
2k− s− 1 +
1
s
− 1
2k− s− 2

> 0,
implying that RCW(Pn,2k,s) > RCW(Pn,2k,s+2), from which we have RCW(T ) > RCW(Pn,2k,k−1). 
Theorem 2.2. Let T be a tree with n vertices and matching number k, where 2 ≤ k ≤ ⌊ n2⌋.
(i) If k = ⌊ n2⌋, then RCW(T ) ≥ RCW(Pn) with equality if and only if T = Pn.
(ii) If k ≤ ⌊ n2⌋ − 1 and k is odd, then RCW(T ) ≥ RCW(Pn,2k,k) with equality if and only if T = Pn,2k,k.
(iii) If k ≤ ⌊ n2⌋ − 1 and k is even, then RCW(T ) ≥ RCW(Pn,2k,k−1) with equality if and only if T = Pn,2k,k−1.
Proof. Since β(Pn) = ⌊ n2⌋, (i) follows from Lemma 2.1(iii).
Suppose that k ≤ ⌊ n2⌋ − 1. Let d be the diameter of T . Obviously, k ≥ ⌊ d+12 ⌋, i.e., d ≤ 2k.
First suppose that k is odd. If d ≤ 2k − 1, then by Lemma 2.1(i) and (ii), we have RCW(T ) ≥ RCW(Pn,d,⌊ d2 ⌋) ≥
RCW(Pn,2k−1,k−1) > RCW(Pn,2k,k). If d = 2k and T ≠ Pn,2k,k, then by Lemma 2.1(i), RCW(T ) > RCW(Pn,2k,k). Furthermore,
by Lemma 2.2, we have β(Pn,2k,k) = k. Hence (ii) follows.
Now suppose that k is even. If d ≤ 2k−1, then by Lemma 2.1(i), (ii) and Lemma 2.3, we have RCW(T ) ≥ RCW(Pn,d,⌊ d2 ⌋) ≥
RCW(Pn,2k−1,k−1) > RCW(Pn,2k,k−1). If d = 2k and T ≠ Pn,2k,k−1, then by Lemma 2.4, RCW(T ) > RCW(Pn,2k,k−1).
Furthermore, by Lemma 2.2, we have β(Pn,2k,k−1) = k. Hence (iii) follows. 
The vertex set of a connected bipartite graph G with at least two vertices can be uniquely partitioned into two disjoint
sets V1 and V2 such that all edges join a vertex in V1 to a vertex in V2. In this case we say that G has a (|V1|, |V2|)-bipartition.
Note that Pn has the bipartition (⌊ n2⌋, n − ⌊ n2⌋) and that if T is a tree with a (k, n − k)-bipartition with 2 ≤ k ≤ ⌊ n2⌋ − 1,
then the diameter of T is at most 2k. Similarly to the proof of Theorem 2.2, the conclusions of Theorem 2.2 hold also if T is a
tree with a (k, n− k)-bipartition.
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Fig. 2. The tree Nn,d,i .
3. RCW numbers of non-caterpillars
Obviously, all n-vertex trees with diameter 2, 3, n− 2 and n− 1 are caterpillars. For integers n and dwith 4 ≤ d ≤ n− 3,
let NC(n, d) be the class of non-caterpillars with n vertices and diameter d, and NC(n, d) the class of non-caterpillar that
may be obtained by attaching the stars Sn1 , Sn2 , . . . , Snt at their centers and s = n − d − 1 −
∑t
i=1 ni pendant vertices to
a central vertex of the path Pd+1, where t ≥ 1, s ≥ 0 and ni ≥ 2 for i = 1, 2, . . . , t . For 2 ≤ i ≤ ⌊ d2⌋, let Nn,d,i be the tree
obtained from the path Pd+1 labeled as v0, v1, . . . , vd by attaching the path P2 and n− d− 3 pendant vertices to the vertex
vi, see Fig. 2. Define Nn,d = Nn,d,⌊ d2 ⌋. Obviously, Nn,d ∈ NC(n, d) ⊆ NC(n, d) and NC(n, n − 3) = {Nn,n−3}. As early in
calculating RCW(Pn,d,i), we have
RCW(Nn,d,i) = RCW(Pd+1)+ 1d+ 1− 1 +
1
d+ 1− 2 +
n− d− 3
d+ 1− 3 +

n−d−2
2

d+ 1− 2 +
i+2−
j=3
1
d+ 1− j
+
d−i+2
j=3
1
d+ 1− j + (n− d− 2)

1
d+ 1− 1 +
i+1−
j=2
1
d+ 1− j +
d−i+1
j=2
1
d+ 1− j

= d+ 1
d
+ 1
d− 1 +
n− d− 3
d− 2 +

n−d−2
2

d− 1 +
i+1−
j=2
1
d− j +
d−i+1
j=2
1
d− j
+ (n− d− 2)

1
d
+
i−
j=1
1
d− j +
d−i−
j=1
1
d− j

for 2 ≤ i ≤ ⌊ d2⌋.
Lemma 3.1. Let T be a tree with the smallest RCW number in NC(n, d), where 4 ≤ d ≤ n− 3. Then T ∈ NC(n, d).
Proof. Suppose that T ∈ NC(n, d) \ NC(n, d). Let P(T ) = v0v1 . . . vd be a diameter-achieving path of T . If d is odd, we
require that dT (v⌊ d2 ⌋) ≥ dT (v⌈ d2 ⌉). Then at least one of v2, v3, . . . , vd−2 has degree at least three.
Case 1. One of v2, v3, . . . , vd−2 different from v⌊ d2 ⌋ has degree at least three.
Let w1, w2, . . . , wk be all the neighbors outside P(T ) of vertices on P(T ) except those of v⌊ d2 ⌋, where wi is a neighbor of
vi′ ∈ V (P(T )). Let Ti be the subtree of T − vi′ containing wi. Let T ′ be the tree formed from T by deleting edges wivi′ and
adding edgeswiv⌊ d2 ⌋ for all i = 1, 2, . . . , k. Obviously, T
′ ∈ NC(n, d). Let A = V (P(T )) and B = V (T ) \ A. Then
RCW(T )− RCW(T ′) =
−
u∈B, v∈A

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

+
−
{u,v}⊆B

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

≥
−
u∈V (Ti)
1≤i≤k
−
v∈A

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

+
−
u∈V (Ti), v∈V (Tj)
1≤i<j≤k

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

with equality if and only if dT (v⌊ d2 ⌋) = 2. For 1 ≤ i ≤ k, if u ∈ V (Ti) and v ∈ A, then dT (u, v) = dT (u, vi′) + dT (vi′ , v) and
dT ′(u, v) = dT ′(u, v⌊ d2 ⌋) + dT ′(v⌊ d2 ⌋, v). Let s = min{i
′, d − i′}. For u ∈ V (Ti), the d + 1 distances between u and vertices
on P(T ) (P(T ′), respectively) are 1, 2, 2, 3, 3, . . . , s + 1, s + 1, s + 2, . . . , d − s + 1 (1, 2, 2, 3, 3, . . . , d+12 , d+12 , d+32 if d is
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odd, and 1, 2, 2, 3, 3, . . . , d+22 ,
d+2
2 if d is even, respectively). Thus for u ∈ V (Ti), comparing these distances in T and T ′ and
noting that i′ ≠ ⌊ d2⌋, we have
∑
v∈A
1
d+1−dT (u,v) ≥
∑
v∈A
1
d+1−dT ′ (u,v) with equality if and only if i
′ = ⌈ d2⌉, where d is odd.
Then
∑
u∈V (Ti)
1≤i≤k
∑
v∈A(
1
d+1−dT (u,v) − 1d+1−dT ′ (u,v) ) ≥ 0 with equality if and only if d is odd and 1
′ = 2′ = · · · = k′ = ⌈ d2⌉. But
for odd d, if dT (v⌊ d2 ⌋) = 2 then dT (v⌈ d2 ⌉) = 2, and thus i
′ ≠ ⌈ d2⌉ for i = 1, 2, . . . , k. It follows that−
u∈V (Ti)
1≤i≤k
−
v∈A

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

> 0.
For 1 ≤ i < j ≤ k, if u ∈ V (Ti) and v ∈ V (Tj), then dT (u, v) = dT (u, vi′) + dT (v, vj′) + dT (vi′ , vj′) and dT ′(u, v) =
dT ′(u, v⌊ d2 ⌋)+ dT ′(v, v⌊ d2 ⌋). Since dT (u, vi′) = dT ′(u, v⌊ d2 ⌋), dT (v, vj′) = dT ′(v, v⌊ d2 ⌋) and dT (vi′ , vj′) ≥ 1, we have−
u∈V (Ti), v∈V (Tj)
1≤i<j≤k

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

≥ 0.
Thus RCW(T ) > RCW(T ′), which is a contradiction.
Case 2. Any vertex vi with i = 2, 3, . . . , d− 2 and i ≠ ⌊ d2⌋ has degree two.
Obviously, dT (v⌊ d2 ⌋) ≥ 3. Let xyz . . . v⌊ d2 ⌋ be the unique path from x to v⌊ d2 ⌋ in T such that dT (x, v⌊ d2 ⌋) = maxu∈V (T )\V (P(T ))
dT (u, v⌊ d2 ⌋). Since T ∉ NC(n, d), we have dT (x, v⌊ d2 ⌋) ≥ 3. Let x1, x2, . . . , xr , z be the neighbors of y in T , where x1 = x and
r ≥ 1. Let T ′ be the tree formed from T by deleting edges yxi and adding edges zxi for all i = 1, 2, . . . , r . Then T ′ ∈ NC(n, d).
Let A = {x1, x2, . . . , xr} and B = V (T ) \ (A∪ {y}). Note that f (x) = 1d+1−(x+1) − 1d+1−x is increasing for 1 ≤ x ≤ d− 1. Then
RCW(T )− RCW(T ′) =
−
u∈A, v∈B

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

+
−
u∈A

1
d+ 1− dT (u, y) −
1
d+ 1− dT ′(u, y)

>
−
u∈A

1
d+ 1− dT (u, vd) −
1
d+ 1− dT ′(u, vd)

−
−
u∈A

1
d+ 1− dT ′(u, y) −
1
d+ 1− dT (u, y)

=
−
u∈A

1
d+ 1− (dT ′(u, vd)+ 1) −
1
d+ 1− dT ′(u, vd)

−
−
u∈A

1
d+ 1− (dT (u, y)+ 1) −
1
d+ 1− dT (u, y)

=
−
u∈A
(f (dT ′(u, vd))− f (dT (u, y)))
=
−
u∈A
(f (dT ′(u, vd))− f (1)) > 0,
implying that RCW(T ) > RCW(T ′), which is also a contradiction.
By combining Cases 1 and 2, we find that T ∈ NC(n, d) \NC(n, d) is impossible. 
Lemma 3.2. Let T ∈ NC(n, d), where 4 ≤ d ≤ n− 3. Then RCW(T ) ≥ RCW(Nn,d) with equality if and only if T = Nn,d.
Proof. Let T be a tree with the smallest RCW number in NC(n, d). Let P(T ) = v0v1 . . . vd be a diameter-achieving
path of T .
Suppose that there is a vertex y ∈ V (T ) \ V (P(T )) with dT (y) ≥ 3. Let x1, x2, . . . , xr be the neighbors of y different
from v⌊ d2 ⌋ in T , where r ≥ 2. Obviously, xi are pendant vertices for i = 1, 2, . . . , r . Let T
′ be the tree formed from T by
deleting edges xiy and adding edges xiv⌊ d2 ⌋ for i = 2, 3, . . . , r . Obviously, T
′ ∈ NC(n, d). Let A = {x2, x3, . . . , xr} and
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B = V (T ) \ (A ∪ {x1, y}). Similarly as in the proof of Case 2 in Lemma 3.1,
RCW(T )− RCW(T ′) =
−
u∈A, v∈B

1
d+ 1− dT (u, v) −
1
d+ 1− dT ′(u, v)

+
−
u∈A

1
d+ 1− dT (u, x1) −
1
d+ 1− dT ′(u, x1)

+
−
u∈A

1
d+ 1− dT (u, y) −
1
d+ 1− dT ′(u, y)

>
−
u∈A

1
d+ 1− dT (u, v0) −
1
d+ 1− dT ′(u, v0)

+
−
u∈A

1
d+ 1− dT (u, vd) −
1
d+ 1− dT ′(u, vd)

+
−
u∈A

1
d+ 1− dT (u, x1) −
1
d+ 1− dT ′(u, x1)

+
−
u∈A

1
d+ 1− dT (u, y) −
1
d+ 1− dT ′(u, y)

=
−
u∈A

1
d+ 1− (dT ′(u, v0)+ 1) −
1
d+ 1− dT ′(u, v0)

−
−
u∈A

1
d+ 1− (dT (u, x1)+ 1) −
1
d+ 1− dT (u, x1)

+
−
u∈A

1
d+ 1− (dT ′(u, vd)+ 1) −
1
d+ 1− dT ′(u, vd)

−
−
u∈A

1
d+ 1− (dT (u, y)+ 1) −
1
d+ 1− dT (u, y)

=
−
u∈A
(f (dT ′(u, v0))− f (dT (u, x1)))+
−
u∈A
(f (dT ′(u, vd))− f (dT (u, y)))
=
−
u∈A
(f (dT ′(u, v0))− f (2))+
−
u∈A
(f (dT ′(u, vd))− f (1)) > 0,
implying that RCW(T ) > RCW(T ′), which is a contradiction. Thus any vertex of T outside P(T ) has degree at most two.
Suppose that there are at least two vertices of T outside P(T ) with degree two. Let y ∈ V (T ) \ V (P(T )) with dT (y) = 2,
and let x be the neighbor of y different from v⌊ d2 ⌋ in T . Let T
′′ be the tree formed from T by deleting edge xy and adding edge
xv⌊ d2 ⌋. Obviously, T
′′ ∈ NC(n, d). Let A = V (T ) \ {x, y}. Then
RCW(T )− RCW(T ′′) =
−
u∈A

1
d+ 1− dT (x, u) −
1
d+ 1− dT ′′(x, u)

+ 1
d+ 1− dT (x, y) −
1
d+ 1− dT ′′(x, y)
>
1
d+ 1− dT (x, v0) −
1
d+ 1− dT ′′(x, v0) +
1
d+ 1− 1 −
1
d+ 1− 2
=

1
d+ 1−  d2+ 2 − 1d+ 1−  d2+ 1

−

1
d− 1 −
1
d

= f

d
2

+ 1

− f (1) > 0,
implying that RCW(T ) > RCW(T ′′), which is also a contradiction. Thus there is exactly one vertex outside P(T )with degree
two, all other vertices of T outside P(T ) are pendant vertices, and then T = Nn,d. 
Let εd = 1 if d is odd and εd = 0 if d is even.
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Lemma 3.3. For 4 ≤ d ≤ n− 4, RCW(Nn,d+1) < RCW(Nn,d), where
RCW(Nn,d) = d+ n− d− 1d +
(n− d− 2)(n− d− 3)+ 2
2(d− 1) +
n− d− 3
d− 2
+ 2
⌊ d2 ⌋+1−
i=2
1
d− i + 2(n− d− 2)
⌊ d2 ⌋−
i=1
1
d− i + εd

n− d− 2 d−1
2
 + 1 d−1
2
− 1

for 4 ≤ d ≤ n− 3.
Proof. The expression for RCW(Nn,d) follows from that of RCW(Nn,d,i) by setting i = ⌊ d2⌋. If d is odd, then
RCW(Nn,d+1)− RCW(Nn,d) =
1− d−12−
i=1
2
d− i
+ n− d− 2
d+ 1 −
n− d− 2
d

+

(n− d)(n− d− 3)
2d
− (n− d+ 1)(n− d− 2)
2(d− 1)

+

n− d− 3
d− 1 −
n− d− 3
d− 2

− 2
d− 3
< − 2
d− 3 < 0.
If d is even, then
RCW(Nn,d+1)− RCW(Nn,d) =
1− d2−
i=1
2
d− i
+ n− d− 2
d+ 1 −
n− d− 2
d

+

(n− d− 3)(n− d− 4)
2d
− (n− d− 3)(n− d− 4)
2(d− 1)

− n− d− 1
d− 2
< −n− d− 1
d− 2 < 0.
Now the result follows easily. 
Let N ′8,4 be the graph obtained by attaching a pendant vertex to a vertex of degree two in N7,4.
Theorem 3.1. Among the graphs in the class of n-vertex non-caterpillars,
(i) Nn,n−3 for n ≥ 7 is the unique graph with the smallest RCW number, which is equal to n−3+ 2n−3 + 1n−4 + 1⌈ n−52 ⌉ +
1
⌊ n−52 ⌋
+
2
∑⌊ n+32 ⌋
i=4
1
n−i + 2
∑⌈ n+32 ⌉
i=5
1
n−i ;
(ii) N8,4 for n = 8 and Nn,n−3,⌊ n−52 ⌋ for n ≥ 9 are the unique graphs with the second-smallest RCW number, which is equal to
12 14 for n = 8 and n− 3+ 2n−3 + 1n−4 + 1⌈ n−32 ⌉ +
1
⌊ n−72 ⌋
+ 2∑⌊ n+12 ⌋i=4 1n−i + 2∑⌈ n+52 ⌉i=5 1n−i for n ≥ 9;
(iii) N ′8,4 for n = 8, Nn,n−4 for n = 9, 10, 12 and Nn,n−3,⌊ n−72 ⌋ for n = 11 and n ≥ 13 are the unique graphs with the third-
smallest RCW number, which is equal to 13 512 for n = 8, 12 1330 for n = 9, 12 920 for n = 10, 13 643840 for n = 12, and
n− 3+ 2n−3 + 1n−4 + 1⌈ n−12 ⌉ +
1
⌊ n−92 ⌋
+ 2∑⌊ n−12 ⌋i=4 1n−i + 2∑⌈ n+72 ⌉i=5 1n−i for n = 11 and n ≥ 13.
Proof. The case n = 7 is trivial. Suppose that n ≥ 8.
Let T ∈ NC(n, d). Then 4 ≤ d ≤ n − 3. By Lemmas 3.1 and 3.2, RCW(T ) ≥ RCW(Nn,d) with equality if and only if
T = Nn,d. By Lemma 3.3, RCW(Nn,d+1) < RCW(Nn,d) if d ≤ n − 4. Then (i) follows, and moreover, if d ≤ n − 4, then
RCW(T ) ≥ RCW(Nn,n−4)with equality if and only if T = Nn,n−4.
If d = n− 3, then T is a tree Nn,n−3,k, where 2 ≤ k ≤ ⌊ n−32 ⌋. Note that
RCW(Nn,n−3,k) = n− 3+ 2n− 3 +
1
n− 4 +
1
n− k− 4 +
1
k− 1 + 2
k+3−
i=4
1
n− i + 2
n−k
i=5
1
n− i .
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If k ≤ ⌊ n−32 ⌋ − 1, then n ≥ 2k+ 5 and thus
RCW(Nn,n−3,k+1)− RCW(Nn,n−3,k) = 1n− k− 4 +
1
n− k− 5 −
1
k
− 1
k− 1
≤ 1
k+ 1 +
1
k
− 1
k
− 1
k− 1
= 1
k+ 1 −
1
k− 1 < 0,
implying that the RCW numbers of the trees in NC(n, n− 3)may be ordered as
RCW(Nn,n−3) < RCW(Nn,n−3,⌊ n−52 ⌋)
< RCW(Nn,n−3,⌊ n−72 ⌋) < · · · < RCW(Nn,n−3,2).
For n = 8, we have NC(8, 4) = {N8,4,N ′8,4}, and then RCW(N8,5) < RCW(N8,4) < RCW(N ′8,4). Then the results in (ii) and
(iii) for n = 8 follow.
Suppose that n = 11 or n ≥ 13. By Lemma 3.3, we have RCW(N11,8,2) − RCW(N11,7) = − 120 < 0, RCW(N14,11,3) −
RCW(N14,10) = − 399127720 < 0, if n is odd, then
RCW(Nn,n−3,⌊ n−72 ⌋)− RCW(Nn,n−4) = RCW(Nn,n−3, n−72 )− RCW(Nn,n−4)
=
1− 1
n− 6 −
n+3
2−
i=6
2
n− i
+  2
n− 9 −
6
n− 5

+

2
n− 7 −
2
n− 1 −
2
n− 3

<
2
n− 7 −
2
n− 1 −
2
n− 3 < 0
for n ≥ 13, while if n is even, then
RCW(Nn,n−3,⌊ n−72 ⌋)− RCW(Nn,n−4) = RCW(Nn,n−3, n−82 )− RCW(Nn,n−4)
=
1− n+42−
i=6
2
n− i
+  2
n− 3 −
2
n− 5

+

2
n− 10 −
4
n− 4

+

4
n− 8 −
2
n
− 4
n− 2 −
1
n− 6

<

2
n− 10 −
4
n− 4

+

4
n− 8 −
2
n
− 4
n− 2 −
1
n− 6

< 0
for n ≥ 16. Thus
RCW(Nn,n−3) < RCW(Nn,n−3,⌊ n−52 ⌋)
< RCW(Nn,n−3,⌊ n−72 ⌋) < RCW(Nn,n−4).
It follows that Nn,n−3,⌊ n−52 ⌋ and Nn,n−3,⌊ n−72 ⌋ are respectively the trees with the second and the third smallest RCW numbers
of n-vertex non-caterpillars. We are left with the cases n = 9, 10, 12.
For n = 9, we have RCW(N9,6) < RCW(N9,6,2) = 10 1415 < 12 1330 = RCW(N9,5).
For n = 10, we have RCW(N10,7) < RCW(N10,7,2) = 12 1420 < 12 920 = RCW(N10,6).
For n = 12, we have RCW(N12,9) < RCW(N12,9,3) = 13 2572520 < RCW(N12,8) = 13 643840 < RCW(N12,9,2) = 14 5932520 .
Now the results in (ii) and (iii) follow. 
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